Abstract. We study maps on operator algebras which are compatible with, or in another word, respect the most fundamental operator means or pairs of means.
Introduction
The study of operator means is a very active research area incorporating a number of different directions of research the starting point of which is the beautiful Kubo-Ando theory [12] .
Means can also be viewed as operations, and in the papers [15, 16] we determined the corresponding "isomorphisms" for some of the most fundamental means. Namely we described all bijective maps on the space of all positive semidefinite operators on a complex Hilbert space which preserve the geometric, or the arithmetic, or the harmonic mean of operators. Interestingly, the result in [15] led us to the description of Thompson isometries of the positive definite cone of the full operator algebra over a Hilbert space [17] . This latter result provided the main motivation to start systematic investigations concerning so-called generalized MazurUlam theorems whose results appeared in a series of papers from which we cite here only [9] and the survey article [23] .
In a certain sense in the present work we extend our former results on mean preservers to the setting of rather general operator algebras.
In what follows, by a C * -algebra A we always mean a unital C * -algebra (the unit is usually denoted by I). The set A
−1
+ of all positive invertible elements in A is called the positive definite cone of A. Although there is a way to define means for positive semidefinite operators (not only for positive definite or positive invertible ones), in this paper we consider means only on positive definite cones. In view of the fundamental results of Kubo-Ando theory [12] , to make our discussion as simple as possible, we introduce the concept of operator means in the following way. + . This latter property is usually referred to as the transfer property. A mean is said to be symmetric if it equals the mean obtained by interchanging its variables. For the generating function f this is equivalent to the condition f (x) = xf (x −1 ), x > 0. The most fundamental symmetric operator means are the arithmetic mean, the geometric mean and the harmonic mean. Their generating operator monotone functions are x → (1+x)/2, x → x 1/2 , x → (2x)/(1 + x), respectively. In what follows we denote the geometric mean by #.
Results
In this section we present our results concerning maps between positive definite cones which are sort of morphisms corresponding to means in the sense that they are maps which respect the operation or pairs of operations of the basic means mentioned above. Below we assume that the algebras what we consider are not trivial in the sense that they are not one-dimensional.
We begin with the case of the arithmetic mean. The next result shows that the bijective maps between the positive definite cones of C * -algebras that respect the arithmetic mean all originate from Jordan *-isomorphisms of the underlying algebras. A Jordan *-isomorphism between * -algebras is a bijective linear map J which respects the square and the *-operations, i.e., which satisfies J(
* for all A (and B) from its domain. In what follows, for a * -algebra A we denote the space of all self-adjoint elements in A by A s . Proposition 1. Let A, B be C * -algebras and φ : A −1
+ be a bijective map such that
Then there is a Jordan *-isomorphism J : A → B and an invertible element T ∈ B such that
Proof. The proof can be given by following the idea of the proof of Lemma 3 in [16] which is based on the use of Kadison's structural result concerning linear order isomorphisms between C * -algebras. However, for the sake of completeness we present the argument with all details. We recall that the equation (1) above is usually called Jensen equation. We learn from the paper [8] that every function from a nonempty Q-convex subset of a linear space X over Q into another linear space Y over Q satisfying the Jensen equation can be written in the form x → A 0 + A 1 (x), where A 0 ∈ Y and A 1 : X → Y is an additive function. We deduce that there is an element X ∈ B s and an additive map L :
We assert that L is in fact a continuous linear transformation. First, we know that L(A) ≥ −X for every A ∈ A −1 + . It follows that for any element A ∈ A s with A ≤ 1/2 we have
holds whenever A ∈ A s , A ≤ 1/2. Inserting −A in the place of A, we get L(−A) ≥ cI which yields L(A) ≤ −cI. Therefore, we obtain that
and hence L(A) ≤ |c| holds for every A ∈ A s , A ≤ 1/2. This clearly gives us that the additive map L is continuous and therefore (real-)linear.
We next prove that X = 0. Let A ∈ A −1 + be arbitrary. For every n ∈ N we have
which gives us that L(A) + (1/n)X ≥ 0. If n tends to infinity, we obtain L(A) ≥ 0. Hence we have φ(A) = L(A) + X ≥ X. Since the range of φ is B −1 + , it follows that 0 ≥ X. On the other hand, by the continuity of L we deduce
from which it follows that X ≥ 0. Consequently, we have X = 0 as asserted.
So, there is a continuous linear transformation L :
+ . In the same manner, there corresponds a continuous linear transformation L :
This shows that the transformation L is bijective and its inverse is L . Next, it is easy to see that L is a bijective linear transformation on A s which preserves the positive elements in both directions, i.e., A ∈ A satisfies A ≥ 0 if and only if L(A) ≥ 0. Indeed, as L coincides with φ on A −1 + , it sends invertible positive elements to invertible positive elements. Using the continuity of L we obtain that L sends positive elements to positive elements. Applying the same argument for L , it then follows that L preserves the positive elements in both directions. Extend L in the obvious manner
to a bijective linear transformation from A onto B. We denote this map by the same symbol L. Clearly, it is a linear order isomorphism between A and B. The structure of such maps is wellknown due to an important result of Kadison. By [10, Corollary 5] every bijective unital linear transformation between C * -algebras which preserves the positive elements in both directions is necessarily a Jordan *-isomorphism. Hence we infer that L is of the form
with some Jordan *-isomorphism J : A → B. The proof is complete.
There is a simple correspondence between the arithmetic and harmonic means: for any A, B ∈ A −1 + , the inverse of the arithmetic mean of the inverses of A, B is just the harmonic mean of A, B. This yields that the structures of the corresponding preservers are very similar. 
+ . Then ψ satisfies the conditions in the previous statement: it is bijective and preserves the arithmetic mean. Recalling that Jordan isomorphisms are compatible with the inverse operation, J(A −1 ) = J(A) −1 (see, e.g., Proposition 1.3 in [27] ), easy application of Proposition 1 gives the required conclusion.
We continue along this line and next consider the case of the geometric mean which, as we shall see, is definitely more complicated. For example, observe that while in the results above we have not needed the assumption of continuity, in the next result we does need it.
The description of the geometric mean preservers is closely related to the description of so-called Jordan triple isomorphisms. For C * -algebras A, B we say that the bijective map (no linearity is assumed!) ψ : A −1
If bijectivity is not assumed here, we call the map a Jordan triple map. We shall make use the following result which has appeared as Theorem 5 in [23] . A linear functional l : A → C on an algebra A is said to be tracial if it has the property l(AB) = l(BA), A, B ∈ A. 
+ be a continuous Jordan triple isomorphism. Then there is either an algebra *-isomorphism or an algebra *-antiisomorphism θ : A → B, a number c ∈ {−1, 1}, and a continuous tracial linear functional l : A → C which is real valued on A s and satisfies l(I) = −c such that
+ . Conversely, for any algebra *-isomorphism or algebra *-antiisomorphism θ : A → B, number c ∈ {−1, 1}, and continuous tracial linear functional l : A → C which is real valued on A s and satisfies l(I) = −c, the above displayed formula (2) defines a continuous Jordan triple isomorphism between A −1
Our result on geometric mean preservers now reads as follows. Recall that on any finite von Neumann algebra there is a unique center-valued positive linear functional which is tracial and acts as the identity on the center, see 8.2.8. Theorem in [11] . This functional is called the normalized trace, and we denote it by Tr. + . Suppose A is of infinite type. Then there is either an algebra *-isomorphism or an algebra *-antiisomorphism θ : A → B, a number c ∈ {−1, 1}, and an invertible element T ∈ B such that
+ . Assume A is of finite type. Then there is either an algebra *-isomorphism or an algebra *-antiisomorphism θ : A → B, a number c ∈ {−1, 1}, an invertible element T ∈ B, and a real number d with d = −c such that
+ . Proof. The geometric mean A#B is known to be the unique solution X ∈ A −1 + of the equation
This is called Anderson-Trapp theorem, for the original source see [3] . It follows that φ satisfies
+ . Consider the continuous bijective map ψ :
This also clearly satisfies the last equality and it maps the unit to the unit. It follows that ψ fulfills ψ(
, too, and then we have
Consequently, ψ is a continuous Jordan triple isomorphism between A −1
+ . Assume A is not of type I 2 . We then apply the previous result Theorem 3. Furthermore, we use the probably folk result (which was given also in [24, Proposition 2] ) that says the following: If l is a nonzero continuous tracial linear functional l on the factor A (positivity of l is not assumed), then A is of finite type and l is a scalar multiple of the normalized trace on A. The proof can be completed easily.
Assume now that A is of type I 2 . In that case A is isomorphic to the algebra of all 2 by 2 complex matrices. Lemma 16 in [23] states that any continuous Jordan triple map (a map respecting the product ABA) between the positive definite cones of C * -algebras is of the form exp •L • log where L is a linear map between the self-adjoint parts of the underlying algebras which preserves commutativity. Clearly, in the case of continuous Jordan triple isomorphims this linear map is a linear bijection which preserves commutativity in both directions. It follows that we necessarily have B is also a type I 2 factor. Therefore, we can consider the problem formulated for the positive definite cone of the space of 2 by 2 matrices. The structure of continuous Jordan triple isomorphisms in that case has recently been described in [25] . Theorem 2 in that paper gives exactly what is needed to complete the proof.
Remark 5. Observe that the converse of the statement in Theorem 4 is also valid: any transformation of any of the forms that appear in the statement is a continuous bijective map which respects the geometric mean. This follows essentially using the last part of Theorem 3 and the transfer property of operator means. The converses of the statements in Propositions 1 and 2 are also true, this can be checked trivially.
One can be interested and ask what happens if we omit the bijectivity assumptions in the results above. In that case we have only a partial result and only concerning the geometric mean. Indeed, in the case of the positive definite cone P n in the algebra of all n by n complex matrices one can obtain a precise structural result for the not necessarily bijective continuous maps which preserve the geometric mean. In fact, that follows from corresponding results on continuous Jordan triple maps, namely from [22, Theorem 1] for the case where n ≥ 3 and from [25, Theorem 1] for the case where n = 2. What one needs to do is to relate a Jordan triple map to our geometric mean preserver exactly in the way as we have done in the proof of Theorem 4 above.
As for the same problem concerning the arithmetic mean or the harmonic mean, due to the already mentioned close connection between those two means, the questions are equivalent, so let us consider only the one for the arithmetic mean. Clearly, every unital positive linear map on the algebra of all n by n complex matrices gives rise to a map on P n preserving the arithmetic mean. But even for such maps no structural result is known. A relating famous result due to Choi says that every so-called completely positive linear maps on the full matrix algebra is of the form A → m k=1 T k AT * k , where T k 's are given n by n matrices. (These maps are widely used in quantum information theory, see the concept of quantum operations.)
In the next section of the paper we consider transformations between different means. In view of our previous results and the correspondence between the arithmetic and harmonic means, for that latter pair of means the problem is not interesting, or better say it is trivial. Concerning the geometric mean and the arithmetic mean (or, equivalently, the harmonic mean), the problem is rather algebraic in nature. Namely, we show below that there can be an injective transformation which transforms the geometric mean to the arithmetic mean only in the case of commutative algebras. To see this, we first recall the following algebraic concepts related to associativity.
Concerning any operation (a, b) → a b on a set X consider the following weak associativity conditions (for all a, b ∈ X): 
This implies
Multiplying both sides by A −1/2 we have
Taking square we obtain
For the above mentioned standard K-loop product this gives that
+ . This means that satisfies the flexible identity. It was proved in [4, Proposition 3] that it holds if and only if A is commutative. The proof is complete.
We remark that similar commutativity results have been obtained in [1] concerning so-called gyrogroup structures on the positive definite cones of C * -algebras. Using the previous statement we can show in large generality that in non-commutative algebras there is no injective map that would transform the geometric mean to the algebraic mean. The precise result reads as follows (we note that similar result for uniquely 2-divisible groups was obtained in [21] ). Then A is necessarily commutative.
Proof which means that the operation is associative. Applying Proposition 6 it follows that A is commutative.
We remark that if A is a commutative C * -algebra and S is the additive group of all selfadjoint elements in A, then the map A → log A is clearly a bijective map from A −1 + onto S which satisfies (5).
What about not necessarily injective maps? In the next result we determine the structure of all continuous maps from the positive definite cone of a von Neumann factor to a Banach space which transforms the geometric mean to the arithmetic mean. In the proof we shall use the deep and famous result known as the solution of the Mackey-Gleason problem which concerns measures on projection lattices in von Neumann algebras. A version of the Lie-Trotter product formula is also applied. Proof. Assume that φ is not constant. Clearly, considering the map A → φ(A) − φ(I) we may and hence we do assume that φ(I) = 0 and φ is not identically zero. We now follow the idea in the proof of Theorem 4. First recall that for any A, B ∈ A It follows that φ(A n ) = nφ(A) holds for all integers n and then that φ(A r ) = rφ(A) holds also for all rational numbers r. Apparently, we have
It is assumed that φ is continuous. This implies that we have some real number 0 < δ < 1 such that for any X ∈ A −1 + with (1 − δ)I ≤ X ≤ (1 + δ)I it follows that φ(X) ≤ 1. Applying the last observation in the previous paragraph by taking high enough roots we can deduce that there is a number > 0 such that for any X ∈ A −1 + with I ≤ X ≤ 3I we have φ(X) ≤ . In particular, the map P → φ(e P ) on the lattice P(A) of all projections in A is bounded. Moreover, by (8) , for any P, Q ∈ P(A) with P Q = 0 we have that P, Q commute and then that φ(e P +Q ) = φ(e P/2 e Q e P/2 ) = φ(e P ) + φ(e Q ).
This implies that P → φ(e P ) is a bounded finitely additive X-valued measure on P(A). By the solution of the Mackey-Gleason problem due to Bunce and Wright [6] , if A is not of type I 2 , then it follows that there is a bounded linear operator L : A → X such that φ(e P ) = L(P ), P ∈ P(A).
Since for commuting A, B ∈ A −1 + we clearly have φ(AB) = φ(A) + φ(B), it follows easily from the spectral theorem and from the continuity of φ that we have φ(e S ) = L(S) for every self-adjoint element S ∈ A s . This means that
Using (7), by the linearity of L we obtain log ABA − 2 log A − log B ∈ ker L.
We now apply one of our recent results. Theorem 1 in [24] states that the closed linear span of the set {log ABA − 2 log A − log B : A, B ∈ A −1 + } is either the whole algebra A meaning that L, φ are identically zero, or this closed linear span is a proper subspace of A in which case A is a finite factor and that span coincides with the kernel of the unique normalized trace functional on A. Therefore, if φ is not identically zero, then so is L and it follows that ker L equals the kernel of Tr. We now easily obtain that for some vector x 0 ∈ X we have
This finishes the proof if A is not of type I 2 .
Let us next consider the case where A is of type I 2 , i.e., A is isometrically isomorphic to the algebra of all 2 by 2 complex matrices. Pick self-adjoint elements S, T ∈ A s . Inserting e S/n , e T /n in the places of A and B, respectively, in (8) we have
for every n. By a version of Lie-Trotter product formula (see, e.g., [5] , Exercise IX.1.4. on page 255) we have lim n→∞ (e S/2n e T /n e S/2n ) n = e S+T where the convergence holds in the norm topology (we remark that similar formula holds in infinite dimensions too, but there the limit should be taken in the strong operator topology). We obtain φ(e S+T ) = φ(e S ) + φ(e T )
for all self-adjoint elements S, T ∈ A s . It follows that the map
is a continuous additive map on A s . Therefore, it is linear and hence it has an extension to a (continuous) linear operator L : A → X with the property that
The proof can be completed just as in the case of not type I 2 factors.
Remark 9. We make a few remarks concerning the above result. Observe first that the above theorem can also be viewed as a characterization of finite von Neumann factors together with the trace functional and the logarithmic function. In fact, for example, one can formulate the following assertion: If A is a von Neumann factor, l is a nonzero continuous (real-)linear functional on A s and f is a nonconstant continuous real function on the positive real numbers such that
i.e., the transformation l • f sends the geometric mean to the arithmetic mean, then the algebra A is necessarily of finite type, l is a scalar multiple of the unique normalized trace on A and f is an affine function of the logarithmic function (cf. [24, Corollary 3] ).
Next observe that by the appearance of the logarithmic function in the form (6) above, the range of the transformation φ is either a 0-or a 1-dimensional linear manifold. It follows that there is simply no non-constant continuous map between the positive definite cones of von Neumann factors which would transform the geometric mean to the arithmetic mean.
On the other hand, one would ask about transforming the arithmetic mean to the geometric mean. Regarding this question we have only a particular and finite dimensional result for which we refer to [19, Theorem 2] .
The argument used in the proof of the previous theorem can be applied to give a characterization of the so-called logarithmic product on the positive definite cone. The logarithmic product of A, B ∈ A −1 + is exp(log A + log B). This concept originally emerged from computational geometry [2] but soon after serious applications have been found regarding the differential geometry of spaces of positive definite operators which is a large and active area of research in present days. Clearly, the logarithmic product makes the positive definite cone a commutative group. Characterization of this product by the property that it is an ordered commutative group operation with respect to the chaotic order was given in [18, Theorem 8] for the full operator algebra over a Hilbert space. Our new characterization result reads as follows. Proof. We easily obtain that I is the unit for the product •, φ(I) = 0, and φ(A r ) = rφ(A) holds for any A ∈ A −1 + and rational number r. By the continuity of φ we obtain the boundedness of the map P → φ(e P ) on P(A) just as in the proof of Theorem 8. Clearly, this map is a bounded finitely additive X-valued measure on P(A), hence applying the solution of the Mackey-Gleason problem again, we deduce that there exists a bounded linear operator L : A → X such that φ(e P ) = L(P ), P ∈ P(A). Again, as in the proof of Theorem 8, this implies that φ(A) = L(log A) holds for every A ∈ A −1 + . We infer
from which we deduce by the injectivity of φ that
Remark 11. Apparently, it is a natural question that what happens in the type I 2 case. The fact is that then the above conclusion in the statement fails to be valid. Indeed, to demonstrate it, as in [13, Remark 1] , let ψ be a continuous bijective map on the set all rank-one projections on a two-dimensional complex Hilbert space H which does not preserve the transition probability (i.e., the trace of the product of rank-one projections) but does preserve orthogonality in both directions. Define the mapψ on the space of all self-adjoint operators on H bỹ
where λ, µ are real numbers and P, Q are orthogonal rank-one projections. It can easily be seen thatψ is a well-defined bijective map of the space of all self-adjoint operators on H. This map is not additive. Indeed, assume on the contrary that it is additive. Then by the continuity of ψ we obtain that it is linear. Since it clearly maps projections to projections, we infer that it is a Jordan *-automorphism and hence it is implemented by a unitary or an antiunitary operator on H (see, e.g., Theorems A.4., A.7 and A.8. in the appendix in [14] ). This implies that ψ preserves the transition probability, a contradiction. Now define
+ . It requires elementary computations to verify that this operation • has the properties required in Theorem 10 (the injective continuous function φ beingψ • log), but • is not the logarithmic product sinceψ is not additive.
Having read the material above one may be interested in the structure of the automorphisms with respect to the logarithmic product. But there is no relating structural result the reason for which is the following. The logarithmic product structure of a positive definite cone is clearly isomorphic to the usual additive group structure of the corresponding linear space of selfadjoint elements and, evidently, there is no particular structural result concerning the additive bijections of that space. However, the case is very much different for matrix algebras if we consider not only positive definite matrices but all positive semidefinite ones. The logarithmic product is extended for such matrices, too, using a certain limit process. The corresponding automorphisms have been completeley determined in [7] .
Concluding remarks
We conclude the paper with some remarks, comments and open problems. In Propositions 1, 2 we did not assume continuity while in Theorem 4 we did. It is a natural problem to investigate if the condition of continuity can be relaxed in the latter result.
In the paper [20] we considered general symmetric means on positive semidefinite Hilbert space operators and determined their bijective preservers under a mild regularity assumption. It is also a natural question (we believe a difficult one) to consider the problem in the generality of the present paper, i.e., for positive definite cones in C * -algebras or in von Neumann algebras. As we have noted in Remark 9, there is no non-constant continuous map between the positive definite cones of von Neumann factors which would transform the geometric mean to the arithmetic mean. On the other hand, observe that the map A → A −1 is a continuous bijective map on the positive definite cone of any C * -algebra that transforms the harmonic mean to the arithmetic mean and vice versa. It seems an interesting question to clarify if there are other pairs of different (symmetric) means with the property that there do exist "isomorphisms" between them.
Less importantly, we note that several results in this paper could easily be extended to socalled weighted means. For the given parameter t ∈ [0, 1] the corresponding weighted arithmetic mean is (1 − t)A + tB, the weighted geometric mean is
and the weighted harmonic mean is
Assuming 0 < t < 1 (the cases t = 0 or t = 1 are trivialities) the so arising problems can in fact be reduced to the case where t = 1/2 by applying simple iteration. This means that iterating the original given weighted mean in a proper manner and taking limit we arrive at the corresponding symmetric mean (the case where t = 1/2). So, the considered preservers between given weighted means in the continuous case turn to be transformations between the corresponding symmetric means. Let us see how it works for the geometric mean which is the complicated one among those three operator means we are dealing with in this paper. Let t, 0 < t < 1 be given and consider any other number s ∈ [0, 1]. We show that the weighted geometric mean with the parameter s can be obtained as the limit of an iteration process involving the weighted geometric mean with parameter t. Indeed, for a given pair A, B of elements in A −1 + we define the following sequences (a n ), (b n ) of numbers (they do not depend on A, B) and sequences (A n ), (B n ) in A −1 + recursively:
if (1 − t)a n + tb n ≤ s, then set a n+1 = (1 − t)a n + tb n , b n+1 = b n and A n+1 = A n # t B n , B n+1 = B n ; if (1 − t)a n + tb n > s, then set a n+1 = a n , b n+1 = (1 − t)a n + tb n and A n+1 = A n ,
It easily follows that a n → s monotone increasingly and b n → s monotone decreasingly. Moreover, it can be seen that A n = A# an B, B n = A# bn B.
Indeed, this follows from the following equality. For any real numbers a, b from the unit interval we have
This equality can be checked by multipliying both sides by A −1/2 and making use the transfer property. We have A n , B n → A# s B, and both sequences (A n ), (B n ) are obtained by iteration of t-weighted geometric means starting with A, B.
So, if, for example, we have continuous maps φ : A −1
+ , then the same equalities hold for any given parameter s ∈ [0, 1] in the place of t, too. In that way one can easily extend Propositions 1, 2 and Theorems 4, 8 for weighted means.
We now make some algebraic comments. Consider (A, B) → A B = (A#B) 2 as a new product on A −1 + . For commuting A, B we have that it equals the usual product AB in A. We have seen above that the product has the left alternative identity if and only if the underlying algebra A is commutative. Now, one may consider another natural product: (A, B) + equipped with the logarithmic product, then the operation would be associative which is the case only if the algebra A is commutative. In particular, we have that which implies that log A, log B commute and hence we obtain that A, B commute. We do not know if (10) implies commutativity for positive definite Hilbert space operators, too, but we conjecture it does and, as already mentioned above, we have similar conjecture relating to the equality (9). One could continue proposing similar questions concerning other operations that appear in the paper, but we finish here.
